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Antimicrobial resistance (AMR) threatens global health. A promising and underexplored strategy to tackle this
problem is sequential therapies exploiting collateral sensitivity (CS), whereby resistance to one drug increases
sensitivity to another. Here, we develop a four-genotype stochastic birth-death model with two bacteriostatic
antibiotics to identify switching periods that maximize bacterial extinction under subinhibitory concentrations.
We show that extinction probability depends nonlinearly on switching period, with stepwise increases aligned
to discrete switch events: fast sequential therapies are suboptimal as they do not allow for the evolution of
resistance, a key ingredient in these therapies. A geometric distribution framework accurately predicts cumulative
extinction probabilities, where the per-switch extinction probability rises with switching period. We further
derive a heuristic approximation for the extinction probability based on times to fixation of single-resistant
mutants. Sensitivity analyses reveal that strong reciprocal CS is required for this strategy to work, and we explore
how increasing antibiotic doses and higher mutation rates modulate extinction in a nonmonotonic manner.
Finally, we discuss how longer therapies maximize extinction but also cause higher resistance, leading to a
Pareto front of optimal switching periods. Our results provide quantitative design principles for in vitro and
clinical sequential antibiotic therapies, underscoring the potential of CS-guided regimens to suppress resistance
evolution and eradicate infections.

DOI: 10.1103/zty8-yj5p

I. INTRODUCTION

Antimicrobial resistance (AMR) is rising rapidly [1], lead-
ing to higher rates of uncontrolled infections that contribute
significantly to both patient mortality and healthcare costs
[2]. The development of new antibiotics is not fast enough to
counteract this problem [3] and, although new technologies
can help accelerate discovery [4], this is not guaranteed to
solve the problem, as resistance to new antibiotics evolves
soon after or even before their deployment in the clinic [5,6].

An alternative strategy to combat AMR is to develop mul-
tidrug treatments [7], unlocking access to large combinatorial
treatment spaces. Combination therapies are the most ex-
plored alternative, where two or more antibiotics are deployed
simultaneously [8]. These therapies can prevent the rise of
AMR [9], especially if the antibiotics are chosen ad hoc for a
particular pathogen [10] or based on their interaction profiles
[11]. However, combination therapies are not without dis-
advantages: the total concentration of antibiotics introduced
in the patient is higher than monotherapies, and so there is
the risk of toxic effects [12]. Moreover, combinations have
sometimes been found to accelerate, rather than slow down,
the appearance of resistance [13,14].
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A less explored alternative to combination therapies is
sequential therapies, in which several antibiotics are admin-
istered one after the other instead of simultaneously [15].
This strategy is based on the phenomenon of collateral sen-
sitivity (CS), in which bacterial resistance to one antibiotic
increases its sensitivity to another. CS has been found in many
bacterial species and antibiotic classes [16–19], suggesting
a promising avenue to develop treatments that can eradi-
cate pathogenic bacterial populations [20,21]. The sequential
framework opens the door to mathematical optimization ap-
proaches, where we seek the optimal sequence that maximizes
the eradication of the population or minimizes the evolution of
resistance [22–27].

Here, we seek antibiotic switching protocols that maximize
bacterial extinction in a stochastic population model where
only four genotypes and two antibiotics are considered, sim-
ilarly to previous work [28]. While transmission dynamics
between different patients are a critical element driving the
AMR crisis and have been studied in depth before [29–31], we
focus on within-host evolutionary dynamics, a key yet poorly
understood aspect of AMR [32] where de novo mutations can
appear in the span of days or weeks [33–36].

We show that sequential therapies based on strong CS
can lead to bacterial eradication even at subinhibitory
concentrations, provided that the correct switching period is
used. The dependence of bacterial extinction on the switching
period is explained by population composition, paving the
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FIG. 1. Four-genotype model. (a) We consider four genotypes:
x0 (blue), susceptible to both antibiotics; x1 (green), resistant to
antibiotic A but susceptible to B; x2 (orange), resistant to B and
susceptible to A; and x3 (red), resistant to both antibiotics. Mutation
rates between the genotypes are indicated next to the corresponding
arrows. (b) Illustrative trajectory. We start our simulations with an-
tibiotic A and, after some time τ , we switch to antibiotic B, and repeat
the process.

way for optimization based on population metrics. Our results
are contingent on the existence of strong CS, and we observe
nonmonotonic relationships between extinction rates and an-
tibiotic dose, on one hand, and mutation rates, on the other,
which we can explain using our model. We end by searching
for optimal switching periods that both maximize extinction
and minimize the appearance of resistance, finding there is a
tradeoff between both objectives, leading to a Pareto front of
optimal therapies. Our work suggests that sequential therapies
are a rich opportunity to explore potentially successful strate-
gies that will help tackle the antibiotic crisis.

II. THE MODEL

We will study bacterial population dynamics within a sin-
gle patient under two bacteriostatic antibiotics A and B, using
a four-genotype birth-death stochastic model. The four types
are: x0, susceptible to both antibiotics; x1, resistant to A but
susceptible to B; x2, resistant to B but susceptible to A; and x3,
resistant to both [Fig. 1(a)]. We consider stochastic transitions
(mutations) between types, with rates μ1 for the acquisition
of resistance and μ2 for the loss of resistance [37]. Mutations
from x0 to x3 are not permitted, although their introduction
does not qualitatively change our results. We do not consider
transmission of new strains from other patients, focusing in-
stead on within-host evolutionary dynamics. In what follows,
we will refer to the population of genotype xi as Ni. Birth rates
are different for each type, and depend on the antibiotic we
are using. Type x0 reproduces with rate β0,A = kAβ under an-
tibiotic A and with rate β0,B = kBβ under antibiotic B, where
kA, kB ∈ [0, 1] is a measure of antibiotic inhibition: the antibi-
otic effect is stronger the lower the value of k. In what follows,
we make the simplifying assumption kA = kB = k and leave
the analysis of other scenarios for future works. Type x1 re-
produces with birth rate β1,A = β under antibiotic A and with
rate β1,B = kCSkBβ under antibiotic B, where kCS ∈ [0, 1] is a
measure of the lack of collateral sensitivity: when kCS → 1 CS
is absent, whereas when kCS → 0 it is very strong. Birth rates
for type x2 are symmetrical to those of type x1. Birth rates for
type x3 are β3,A = β3,B = β in both antibiotics. For simplicity
of notation, we will nondimensionalize time by defining the
variable βt , which is equivalent to setting β = 1.

Death rates are equal for all types and antibiotics and
equal to δi,A = δi,B = γ N, i = 0, 1, 2, 3, where N = N0 +
N1 + N2 + N3 is the total population, simulating limited re-
sources. Note that γ β−1

i, j is the inverse of the carrying capacity
in logistic models. We fix γ = 0.01 (one death per one hun-
dred births).

For computational efficiency, in order to simulate the
stochastic model we will use the tau-leaping algorithm [38],
which approximates the dynamics of the birth-death process
by taking small time increments dt and generating pseudo-
random Poisson-distributed numbers for all reactions: births,
deaths, and mutations. Population sizes are updated accord-
ingly, and the process is repeated until desired. Note that using
Gillespie’s algorithm [39], which simulates the model exactly,
does not qualitatively change our results (see Appendix A,
Fig. 8).

We start our simulations with antibiotic A and initial popu-
lation N0 = kγ −1, N1 = N2 = N3 = 0, i.e., initially there is no
resistance and the population of susceptible is at the carrying
capacity. After some elapsed time τ (switching period) we
switch from antibiotic A to B, and continue the process. At
time 2τ we switch back to A and so on [Fig. 1(b)]. We are
interested in studying how this parameter τ , the period of
antibiotic switching, affects the probability that the population
becomes extinct at the end of treatment.

We study treatments of different τ ranging from zero to
100 time units, with a fixed treatment duration T = 100. In
our framework, treatment duration T should be understood
as corresponding to a typical antibiotic regime in a clinical
context: for instance, a person taking one pill every h hours
for a total of T hours, with the final dose administered at time
T . However, the pharmacodynamic effects of the antibiotic
are not expected to vanish instantaneously at T , since this
marks the time of the last administered dose rather than the
cessation of its biological activity. To account for this, we
simulate an additional period under the final antibiotic (i.e.,
with no further switches) beyond time T , and evaluate extinc-
tion probabilities based on this extended simulation. This is
particularly relevant for values of τ close to T , where the last
antibiotic may have been recently applied and its impact is
still unfolding.

For simulation purposes, we mark a population as extinct
whenever N < 0.05γ −1 [40], and our results remain quali-
tatively unchanged by reasonable changes in this threshold
(Appendix A and Fig. 9 therein).

III. RESULTS

A. Sequential treatments with strong collateral sensitivity result
in bacterial eradication even with subinhibitory

antibiotic concentrations

We start our study with subinhibitory antibiotic con-
centrations kA = kB = 0.5, usually called the half-maximum
inhibitory concentration or IC50, and consider strong CS,
kCS = 0.05. This may seem like a strange place to begin,
as these subinhibitory doses are usually thought to promote
the evolution of resistance [41,42]. However, our simulations
produce a wide range of switching periods τ that result in
frequent eradication of the bacterial population. Figure 2(a)
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FIG. 2. Sequential therapies with subinhibitory antibiotic concentrations cause extinction for a wide range of switching periods. (a) Prob-
ability of extinction at the end of the treatment as switching periods vary. The intervals between two vertical lines share the same number of
treatment cycles. 10 000 trajectories were used to estimate the probability as a function of τ . (b) Distribution of extinction times as a function
of switching periods. Each point corresponds to the time a simulation became extinct. The colors represent the density of these events. The
background color represents the antibiotic used. The red line represents the end of the time we allow for switching antibiotics. (c) 1000
individual trajectories switching treatment every 20 time units. Blue, red, green, purple, and orange represent the mean of trajectories that go
extinct upon switching antibiotics at different switching events. Black represents the mean of those trajectories that do not become extinct.
Dashed lines indicate the antibiotic switch. (d) Cumulative extinction probability over 10 treatment switches with different switching periods τ .
Points represent extinction probabilities estimated through simulation, while the solid line reflects a fit to a hierarchical geometric distribution.
(e) Extinction probability for populations undergoing one antibiotic switch; blue points represent the simulation, and the red points are the
fitted extinction probabilities for the corresponding τ using the hierarchical geometric model (the red line is a guide to the eye). (f) Predicted
extinction probabilities for populations undergoing one to four antibiotic switches using the hierarchical geometric model. Simulations were
performed with final times τ×(number of switches)+50. Parameter values are in Appendix B, Table I.

shows that the probability that a population becomes ex-
tinct at the end of the treatment depends nontrivially on τ .
First, we observe that there are no extinctions when τ → 0
[Figs. 2(a) and 2(b)]. As τ increases, there is a rapid in-
crease in the probability of extinction, with two maxima at
τ = 50 and τ = 100. The extinction probability shows some
sharp discontinuities, which are due to a change in the num-
ber of antibiotic switches: extinction probabilities increase

discontinuously when a new antibiotic switch is introduced.
For instance, when τ is decreasing from 100, the extinc-
tion probability suddenly increases when we reach τ = 50,
where the number of antibiotic switches increases from 1 to
2. Similarly, when we cross the threshold τ = 33.3 there is
another increase in extinction probabilities, associated with an
increase in the number of switches from 2 to 3. Conversely, in
the absence of switches (i.e., τ = 0 or τ > T ) there are no

TABLE I. Model parameters and their meanings.

Parameter Description Value

τ Duration of treatment with antibiotic A or B Variable
kA, kB Effect of bacteriostatic antibiotics (higher ⇒ weaker inhibition) 0.5
γ Inverse of the theoretical carrying capacity 0.01
kCS Collateral sensitivity effect (higher ⇒ weaker CS) 0.05
μ1 Mutation rate to a resistant genotype 10−3

μ2 Mutation rate back to a sensitive genotype 10−2

tend Total time of the simulation 150
tend treatment Time in which we allow antibiotics to be switched 100
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extinctions, which is to be expected since we are study-
ing IC50 concentrations. Moreover, when studying extinction
times, we observe that, for a fixed switching period τ , ex-
tinction events occur more frequently after a short transient
period following the switching time [Fig. 2(b)] and never
before the first switch. In order to better illustrate this phe-
nomenon, we examine a collection of trajectories for fixed
τ = 20 [Fig. 2(c)]: some trajectories become extinct after
the first switch [marked in blue in Fig. 2(c)], some after the
second (red), third (green), fourth (purple), and fifth (orange)
switches. Populations that do not become extinct (black) even-
tually gain resistance.

Since extinction events occur shortly after switching antibi-
otics, we can visualize the extinction process as a coin-tossing
game where the probability of getting heads is p: each time the
antibiotic switches, we toss a coin. If the result is heads, the
population becomes extinct. The probability that the extinc-
tion event occurs exactly after n switches would then be given
by the geometric probability distribution (1 − p)n−1 p, where
p is the probability that the population becomes extinct after
one antibiotic switch, and which may be dependent on τ . The
cumulative extinction probability, i.e., the probability that the
population has become extinct by the nth switch, is given by
1 − (1 − p)n. The main hypothesis of this model is that p is
constant throughout the process, which will be true if the time
between switching is sufficiently large so that the population
reaches some kind of stationary state that is independent of
the switching event.

Fitting the cumulative extinction probability obtained from
simulations for different τ to equation 1 − (1 − p)n results
in good agreement [Appendix C, Fig. 10(a)]. However, the
fits are not perfect: they tend to underestimate the extinction
probabilities when the number of switches is small, and vice
versa. This suggests that p is not constant and slightly depends
on the number of switches. We capture this behavior with a
hierarchical geometric model where p = ατ + βn can change
with both switching period τ and the number of switches n,
resulting in a great fit to the data [Fig. 2(d), Appendix C].
The values of p obtained with our fits are shown in Fig. 2(e)
(red line) as a function of τ and compared with the simu-
lated extinction probabilities for treatments undergoing only
one switch (blue circles): the probability of extinction per
switching event is close to zero for τ < 20, consistent with
what we observed in Fig. 2(a), and increases as τ grows. In
other words, the longer we wait until we switch antibiotics,
the higher the probability that the population becomes extinct.
The agreement between the simulated per-switch extinction
(blue circles) and the hierarchical geometric fit (red lines) is
quite good, given the simplicity of the model. We can use this
fit to predict extinction times after two or more switches, by
calculating the corresponding probability using the geometric
distribution, with very good agreement [Fig. 2(f)], supporting
our hypothesis.

B. Heuristic explanation for the change
in extinction probabilities

We turn now to give an explanation for the observed ex-
tinction patterns by finding out which variables explain the
dependence of the extinction probability on the switching

TABLE II. Parameters in sigmoid fit of Fig. 3.

Parameter Sigmoid fit

x0 −0.820103
x3 −1.243756
x1A 0.019319
x1B −0.572685
x2A −0.545886
x2B 0.013334

period τ . Figure 2(c) hints that, in those populations that
become extinct, right before the switch the population had
become dominated by the single-resistant populations (x1 or
x2) reaching a carrying capacity close to 100. In contrast, the
populations where extinction does not happen [marked in gray
in Fig. 2(c)] are dominated by x0, whose carrying capacity
is 50. Our hypothesis is that, for small τ , resistant mutants
have hardly any time to appear in the population before the
antibiotic is switched and, due to the strong CS, they are
rapidly invaded after the switch by type x0, which does not go
extinct under IC50 concentrations. As τ increases, however,
the likelihood that either x1 or x2 rise in the population grows,
and therefore, when the antibiotic switches, there is a chance
that the whole population goes extinct.

This discussion suggests that we should be able to pre-
dict extinction probabilities from the composition of the
population before the switch. We have fitted the probabil-
ity p that a population becomes extinct after an antibiotic
switch to a sigmoid function p = (1 + eWT N)

−1
, where W is

a parameter vector and N = (N0, . . . , N3) contains the popu-
lation abundances right before the antibiotic switch [Fig. 3(a),
Appendix D]. The fitted parameters confirm our earlier intu-
ition (Appendix D, Table II): p decreases when any genotype
other than the single resistant increases. For example, if the
population before the switch is N0 = 2, N1 = 95, N3 = 0,
then p ≈ 0.55, but introducing one x3 individual yields p ≈
0.26. This indicates that the extinction probability is largely
determined by whether the population contains cells other
than the currently dominant resistant genotype. The presence
of even a small fraction of any other genotypes substantially
decreases the chances of extinction.

However, it is unrealistic to assume that complete compo-
sitional data will be available in clinical or in vitro settings
to decide when to switch antibiotics. We therefore propose
a heuristic approach to approximate p using three key time
distributions obtained from the dynamics of our four-genotype
system. Specifically, we measured (1) the distribution of times
for single-resistant mutants to dominate the population (de-
fined as exceeding 80%) after an antibiotic switch; (2) the
distribution of extinction times following an antibiotic switch;
and (3) the probability that the population contains cells other
than the single-resistant mutant for the antibiotic currently
in use, a choice motivated by the sigmoid fit, as previously
discussed.

The first two distributions were well-approximated by log-
normal distributions (Fig. 4), and all three can in principle be
measured in vitro to obtain a practical estimate of optimal
switching strategies. Building on these distributions and the
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FIG. 3. Heuristic approximation for the extinction probability. (a) Sigmoid fit for the extinction probability at the end of the treatment, using
the population composition before the switch. Blue circles represent the simulation; gray circles are the prediction of the sigmoid function fitted
with the population before the switches. (b) Heuristic fit for the same probability as in (a) using fixed final time treatments, and considering
several switching periods τ . (c) Heuristic fit for the extinction probability under different number of antibiotic switches. Circles are the values
of extinction probabilities measured in simulations; each color represents a different number of antibiotic changes, as indicated in the legend.
The solid lines indicate the estimated value of the probability of extinction for each τ , using the heuristic to estimate p. Parameter values are
in Appendix B, Table I.

previous insights gained from our geometric model, we de-
rived an analytical expression for the extinction probability p
as a function of τ :

p(τ ) = pd (τ )[1 − pr (τ )], (1)

where pd (τ ) is the probability that a decaying population
becomes extinct within time τ [Fig. 4(b)], and pr (τ ) is the
probability that a single-resistant mutant is not completely
dominant in the population, given by

pr (τ ) = px1 (τ ) · Pr (N0 + N2 + N3 � 2 | τ, N2(0) = 90)

+ [1−px1 (τ )] · Pr (N0+N2+N3 �2 | τ, N0(0) = 50)

with px1 (τ ) denoting the probability that genotype x1 domi-
nates the population at time τ , given that the system started
with x2 in dominance [Fig. 4(a)]. Intuitively, for short times
the initial condition N0(0) = 50 provides a good approxima-
tion, while for longer times the condition N2(0) = 90 becomes
more accurate. The weighting between these two scenarios is
naturally captured by the distribution of takeover times of the
single-resistant strain, represented by px1 (τ ).

We use the geometric distribution formula to extend
these extinction probabilities to various antibiotic changes.
However, some care has to be taken with the initial and
boundary conditions at the end of the treatment (Appendix E).
This formula captures our previous intuitions for the two
necessary conditions for extinction: the dominance of the
single-resistant genotype and the existence of long enough
decay times. This simple heuristic matches the shape of ex-
tinction probabilities derived from full stochastic simulations
[Fig. 3(b)] and gives an accurate estimate for cumulative ex-
tinction probabilities of populations under one, two, or more
antibiotic switches [Fig. 3(c)].

C. Additional scenarios: Weak collateral sensitivity, increasing
antibiotic concentrations, and changing mutation rates

Our results so far have dealt with strong reciprocal CS,
kCS = 0.05. If the strength of CS diminishes (kCS grows), the
extinction probabilities at the end of the treatment decrease, as
expected given the previous discussion [Fig. 5(a)]. Although

FIG. 4. Distributions for key transition times in the model. Simulated distributions (blue histograms) and fitted log-normal probability
density functions (dashed curves) for two temporal processes underlying the heuristic extinction estimate. (a) Time until the system transitions
between stable states following an antibiotic change, starting from x2(0) = 80 and xi(0) = 0 for i = 0, 1, 3 under antibiotic A until x1(t ) > 80.
(b) Time to extinction under a new antibiotic, measured only for simulations where extinction occurs. (c) Time dependent probability of having
x0 + x2 + x3 � 2 starting from the initial conditions indicated by colors in the legend. 10 000 trajectories were simulated for estimating these
distributions.
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FIG. 5. Extinction probability sensitivity to model parameters. (a) Collateral sensitivity (CS) is necessary for extinction. Extinction
probabilities decrease as the parameter kCS increases, across a range of switching periods (τ , shown in color). (b) Increasing antibiotic
concentration (lowering k) robustly leads to extinction, depending on the number of treatment cycles. We observe a threshold near the MIC,
beyond which most populations become extinct regardless of the switching period. (c) Extinction probability as a function of antibiotic
concentration for τ = 50. Close to the MIC, every trajectory becomes extinct. For subinhibitory doses, there is an intermediate dose that
maximizes extinction.

the dependence of extinction probability on τ is qualitatively
similar, i.e., optimal τ remain the same throughout, the max-
imum extinction probability decreases monotonically as kCS

increases, and for kCS > 0.3 it is approximately zero for all
τ . That is, for subinhibitory concentrations, CS is a necessary
condition for the success of sequential therapies.

We wondered then whether this dependency on CS would
be weakened if we increased antibiotic doses. We reasoned
that, as kA, kB → 0, the total extinction probability should
increase. For concentrations close to the minimum inhibitory
concentration (MIC), i.e., k = 0.1 or lower, a threshold be-
havior emerges where populations go extinct regardless of
the switching period [Figs. 5(b) and 5(c)], suggesting that
extinction is driven primarily by the strength of inhibition
rather than the switching dynamics. Indeed, this behavior
persists even in the absence of CS (Appendix F, Fig. 12).
However, for lower antibiotic concentrations k > 0.1 we ob-
serve a unimodal dependency of the extinction probability
on the dose: for a fixed τ , extinction probabilities go up as
we decrease k from 1, and then decrease after a certain dose
[Figs. 5(b) and 5(c)]. We reason that this is due to a change
in population dynamics: when antibiotic inhibition increases,
the single-resistant mutant quickly dominates the population,
which then becomes extinct more easily as we switch the
antibiotic. However, if antibiotic inhibition crosses a given
threshold, the wild-type population is so low that the influx
of resistant mutants actually becomes slower, and therefore
the population does not become extinct after switching. We
support this qualitative reasoning looking at the mean popula-
tion before the first switch (Appendix F, Fig. 13). In the same
way, extinction probabilities show a unimodal dependency on
mutation: as μ1 increases, extinction probabilities go up, again
due to an increase in the abundance of single-resistant mutants
(Appendix F, Fig. 14). However, after a critical threshold,
the extinction probability starts to decrease, in this case be-
cause the double-resistant strain emerges in the population,
while the susceptible strain concurrently exhibits a recovery
(Appendix F, Fig. 15). Moreover, as μ2/μ1 increases, the
extinction probability decreases more markedly, which is con-
sistent with the accelerated recovery of the susceptible strain

under these conditions, since single-resistant mutants become
less frequent when μ2 is relatively larger.

D. Optimal switching periods

After providing an evolutionary population-dynamics ar-
gument for the success of sequential therapies based on strong
reciprocal CS, and studying the effect of varying several
parameters, we return to finding the optimal switching pe-
riods. So far, we have discussed optimality only in terms
of maximizing the cumulative extinction probability at the
end of the treatment. In mathematical terms, this function is
E (τ, n) = 1 − [1 − p(τ )]

n
where p(τ ) is an increasing func-

tion of τ , as we have discussed [Fig. 2(e)]. Therefore, E (τ, n)
increases both with τ and with the number of switches n: if
the population does not become extinct after the first change,
it may do so after subsequent changes. In fact, for a fixed τ ,
the probability of extinction can increase as much as we want
by increasing n [Fig. 6(a)].

However, this comes with a cost: longer therapies also
have a higher probability that the double-resistant genotype
x3 appears in the population at the end of the treatment
[Fig. 6(b)], so if the population is not extinct it will become
resistant. Hence, there is a tradeoff between maximizing
extinction probabilities and minimizing the probability
of double-resistance, leading to a Pareto front of feasible
therapies [Fig. 6(c)] that optimize both objectives. For
a fixed extinction probability E (τ, n), the Pareto front
contains those therapies that minimize the probability of
double resistance at the end of the treatment, conditioned
on the population not being extinct, which we define as
R(τ, n) = Pr (N3(T ) � 1|N (T ) > 0). If a therapy is not on
the Pareto front, we can always modify it so that either
E (τ, n) or 1 − R(τ, n) are improved: they are dominated by
other, better therapies. Crucially, therapies on the Pareto front
cannot improve E (τ, n) without increasing R(τ, n) as well. We
numerically find that the Pareto front is captured by the curve
E (τ, n)1.09 + [1 − R(τ, n)]1.22 = 1 [Fig. 6(c)]. We can also
show that the probability of being in the Pareto front is very
high for τ ≈ 42 [Fig. 7(a)], independently of the number

054404-6



OPTIMIZATION OF SEQUENTIAL THERAPIES TO … PHYSICAL REVIEW E 113, 054404 (2026)

FIG. 6. Optimal therapy. (a) Extinction probability as a function of the switching period. (b) Probability of double resistant mutants at the
end of the treatment, conditioned on the population not being extinct. (c) Pareto front of optimal switching therapies. The crosses indicate
therapies that belong to the Pareto front, while the circles show dominated (suboptimal) therapies. The grey dashed line indicates the empirical
fit. The probability that a therapy is in the Pareto front is maximized for τ ≈ 42. Simulated therapy trajectories were generated with different
switching periods (τ ) and numbers of treatment rounds (n), constrained such that τn + 50 < 350, number of trajectories = 10 000, k = 0.5,
kCS = 0.05.

of changes [Fig. 7(b)] and lower everywhere else. Hence,
for the parameter set studied in this paper, choosing τ

around that value will lead to optimal therapies: we can then
choose whether we want to maximize extinction or minimize
resistance by changing the number of switches n.

IV. DISCUSSION

The use of CS to design sequential therapies has received
widespread attention in recent years [17,43]. The underlying
rationale is that antibiotics can be used to steer populations
toward genotypic states exhibiting CS, thereby increasing
the efficacy of subsequent treatments [44]. In this work, we
develop a simple mathematical framework that captures key
features of sequential therapies, enabling quantitative explo-
ration of extinction dynamics and providing support for prior
evolutionary hypotheses. While experimental studies have

demonstrated the potential of sequential therapies to suppress
resistance [20,21,45], theoretical efforts have largely relied on
deterministic models where extinctions do not occur [46–48],
although a recent work has used stochastic modeling to
explore the effect of antibiotic pulses [24]. In contrast to deter-
ministic models, our stochastic modeling framework captures
extinction dynamics directly. This enables the identification of
optimal treatment strategies based on true eradication events
and allows us to explore how extinction probabilities depend
on switching timing, antibiotic potency, and mutation rates.

In [46], Beardmore and Peña-Miller state that a successful
switching strategy, based on clinical observations [49], is “if
the observed level of resistance to an antibiotic is too high,
exchange it for a different antibiotic”, which is fully consistent
with our results. In fact, a key result from our analysis is that
fast sequential therapies are suboptimal, and that we need
to allow for the evolution of resistance above a threshold

FIG. 7. Optimal window. Simulated therapy trajectories were generated with different switching periods (τ ) and numbers of treatment
rounds (n), constrained such that τn + 50 < 350. (a) Fraction of therapies with a given switching period τ that lie on the Pareto front.
(b) Distribution of these fractions across the different numbers of treatment rounds. We observe that certain switching periods consistently fall
on the Pareto front regardless of the number of rounds (τ ≈ 42), while others are optimal only for one (τ ≈ 20) or three (τ ≈ 90) switching
events. Number of trajectories = 10 000.
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in order to eradicate the population after the switch. The
tension between waiting long enough for the single-resistant
mutant to dominate the population and maximizing the num-
ber of switches leads to different optimal switching periods
depending on the treatment duration (Fig. 6): longer therapies
maximize extinction, but they also cause higher resistance,
leading to a Pareto front of optimal switching periods. This
gives us some additional insight that will help to choose opti-
mal therapies.

Furthermore, our framework demonstrates that while the
requirement for strong CS is a necessary condition for caus-
ing extinctions, it allows sequential therapies to outperform
traditional monotherapy. In regimes where the antibiotic dose
is high, extinction occurs reliably regardless of the switching
period [Fig. 5(b)]. However, the true strength of this approach
lies in its efficacy under subinhibitory concentrations, condi-
tions that are clinically inevitable due to drug diffusion limits
within human tissues [50]. In these suboptimal dosage zones,
where no-switching treatments fail, our model shows that an
optimized sequential protocol can still drive the population to
extinction.

In addition, we find a unimodal dose-extinction relation-
ship [Fig. 5(c)], which has been observed before in both
experiments [42] and models [51] and which can be fully
explained using population dynamics arguments: we need
single-resistant mutants to dominate the population; these are
selected as antibiotic concentration increases, but selection
can be hampered if doses are too high. We observe a sim-
ilar relationship with mutation rates (Appendix F, Fig. 14),
also supported by population dynamics arguments. This re-
sult suggests that increasing mutation rates might be a good
complement to this kind of therapies, up to a point where we
start facilitating the evolution of double-resistant strains. This
suggestive strategy should be explored with care and checked
experimentally before making any therapy recommendations.

This study adopts a deliberately minimal within-host
model, four genotypes and two antibiotics with symmetric
effects, to isolate the mechanisms of CS-guided switching.
Extensions to richer collateral-sensitivity networks [17–19]
and to heterogeneous pharmacokinetics/pharmacodynamics
[48] fit naturally within the same framework. CS relationships
may vary during treatment [52–54]; such time dependence
can be incorporated by allowing parameters to evolve between
switches and calibrating them from data. Empirical evaluation
can proceed in vitro without altering the theoretical structure.
A suitable test system is the ciprofloxacin-tobramycin pair
in P. aeruginosa, where CS has been observed robustly, and
double resistance is infrequent [19,55,56], enabling direct as-
sessment of the model’s predictions.

Our model admits several avenues for generalization be-
yond the present focus. Beyond bacteria, the mathematical
structure of our framework maps naturally onto cancer, where
CS has been documented across multiple tumor types and
treatment classes [57–60]. Sequential exploitation of these
tradeoffs has been proposed as a strategy to steer tumor
clonal evolution toward more vulnerable states [59], and ex-
perimental evidence using cellular barcoding has identified
CS drugs following resistance to chemotherapy in colorectal
cancer cell lines [61]. More broadly, the adaptive therapy
framework [62,63] exploits analogous competitive dynamics

between sensitive and resistant subpopulations under modu-
lated treatment schedules, and has been extended to multidrug
sequential protocols [63] that share the same underlying logic
as our model.

Although our focus is on short-term antibiotic treatments,
our framework could naturally be applied to chronic infec-
tions, where treatment timescales are prolonged and resistance
fixation is a central clinical problem. Indeed, sequential ther-
apies have been proposed to treat chronic Pseudomonas lung
infections where biofilm formation hinders the effectiveness
of monotherapies [64,65].

The model could also be lifted to the epidemiological scale,
to account transmission dynamics within a population of
patients [29–31]. Such extension would introduce additional
characteristic timescales, governed by host-to-host interac-
tion frequencies and the mechanisms of transmission, that
are qualitatively distinct from the within-host evolutionary
dynamics studied here, and might open the possibility of
population-level treatment strategies that are not optimal for
the individual.

Beyond periodic schedules, our framework can be ex-
tended to nonperiodic and adaptive switching policies as
considered in [46,47]. Because we treat therapy as a series
of switches, each a fresh chance to clear the infection, the
same framework lends itself to control-theoretic optimization
of switching sequences, including real-time, patient-specific
adjustments informed by bacterial-load measurements.

Overall, these results provide quantitative design rules for
sequential therapy guided by collateral sensitivity and math-
ematical modeling, complementing current strategies against
antimicrobial resistance.
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APPENDIX A: JUSTIFICATION FOR THE POPULATION
THRESHOLD AND TAU-LEAPING APPROXIMATION

In the main text, we considered a stochastic model of bac-
terial population dynamics under antibiotic treatment, where
extinction was defined as the population dropping below
a threshold of 0.05γ −1 = 5 individuals. Simulations were
performed using the tau-leaping method to efficiently approxi-
mate the stochastic process. Here, we justify this approach by
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FIG. 8. Extinction histograms for the hybrid method: Tau leaping and Gillespie’s algorithm. The top row (blue) shows extinction histograms
with a total time of tend treatment = 1000 and tend = 1050 temporal units. As the antibiotic switching interval increases, extinction events become
more clearly clustered after switching events (dashed black vertical lines). Dashed red vertical lines indicate tend treatment. The middle row (pink)
presents extinction histograms for a shorter total simulation time of tend treatment = 100 and tend = 150 temporal units, the same temporal scale
used in the main text. At this scale, extinction events appear more diffusely distributed, making it difficult to discern their relationship with
antibiotic changes. Both (blue and pink) consider extinction when the number of cells in the population is zero, and switch between tau leaping
and Gillespie’s algorithm with a threshold of 10 cells. The bottom row (green) shows results from Gillespie’s algorithm with a threshold of
0.05/γ for extinction and 15 cells for switching between tau leaping and Gillespie, the total simulation time of tend treatment = 100 and tend = 150
temporal units. The results are consistent with those observed with tau leaping, supporting the strategy used throughout the main text.

comparing it with a hybrid method that uses tau leaping for
populations with many individuals and Gillespie’s algorithm
for populations below that limit. Gillespie’s algorithm pro-
vides an exact simulation of the underlying stochastic process
but becomes computationally prohibitive when population
size is large. Specifically, as the number of bacteria increases,
the waiting times between reaction events shorten, leading to
a significant increase in computational cost. This has a direct
impact on the feasibility of simulating extinction events under
different antibiotic switching strategies.

To assess whether the chosen threshold and tau-leaping
approximation capture the relevant extinction dynamics, we
performed simulations using the hybrid method and com-
pared the results. Our key observation is that extinction events
occur primarily after an antibiotic switch, with a char-
acteristic delay. However, when antibiotic switching times
are of the same order of magnitude as reaction times at
low population sizes, this pattern is no longer evident. In-
stead, we observe a diffuse cloud of extinction events,
making it difficult to distinguish the effect of antibiotic
changes. To recover the expected correlation between switch-
ing events and extinctions, it is necessary to increase the
switching times.

To illustrate these findings, we present extinction his-
tograms from three sets of simulations. The first set (Fig. 8,
top row) corresponds to a longer total simulation time of 1000
temporal units, allowing for a clearer observation of extinction
clustering after antibiotic switches. The second set (Fig. 8,
middle row) corresponds to a shorter total simulation time of
100 temporal units, matching the temporal scale used in the
main text. In this shorter time frame, extinction events appear
as a diffuse pattern, making it harder to discern correlations
with antibiotic changes. In contrast, with a sufficiently long
observation window, the extinction events align with antibi-
otic switching events, confirming that the primary driver of
extinction is the switching strategy itself. In these two sets,
we have considered extinctions when we have a population
of zero bacteria. We add a third set using the hybrid method
but with the same threshold for the extinctions used in the
main text (Fig. 8, bottom row), confirming that the results
are consistent and that the tau-leaping algorithm does not
qualitatively alter the observed patterns.

We also compared the distribution of extinction times for
fast-extinction events (such as those involving a high antibi-
otic dose, κ = 0.1) and observed an overlap between the two
histograms. This makes the tau-leaping approximation also a
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FIG. 9. Changing the extinction threshold does not change the
qualitative behavior of the extinction curve. Different thresholds for
determining when a population is considered to be extinct, from 3%
to 8% of theoretical carrying capacity. In the main text 5% has been
used as the threshold.

good approximation of the solution to the master equation in
this regime.

Finally, we tested the robustness of the extinction thresh-
old. In the main text, we consider a population extinct if it
goes below 5% carrying capacity. We varied this threshold

between 3% and 8% and obtained quantitatively very similar
results (Fig. 9).

APPENDIX B: PARAMETERS USED IN THE MAIN TEXT

Unless otherwise stated, all graphs in the main text were
made with the parameter values in Table I.

APPENDIX C: NONEQUILIBRIUM EFFECTS AND
A HIERARCHICAL GEOMETRIC MODEL

The discrepancies observed in the geometric model fit from
Figs. 10(a) and 10(b) can be explained by the fact that the
system is not in equilibrium. To better understand this behav-
ior, we analyzed the extinction probability per round, p, as a
function of time and the number of rounds. We performed a
linear fit of the form p = ατ + βn, where p is the extinction
probability, τ is the switching period, and n is the number of
completed treatment rounds [Fig. 10(c)]. This model captures
the systematic dependence of extinction dynamics on both
time and the structure of the treatment.

We then used this time-dependent extinction probability to
construct a hierarchical geometric model for the cumulative
extinction probability:

Pext = 1 − (1 − ατ − βn)n,

FIG. 10. (a) Cumulative extinction probability over 10 treatment switches with different switching periods τ . Points represent extinction
probabilities estimated through simulation, while the solid line reflects a fit to a geometric distribution 1 − (1 − p)n. (b) Estimation of the
extinction probability for different number of antibiotic switches (represented with colors as indicated in the legend) using the fit of the
geometric model obtained in (a). (c) Linear fit to the extinction probability after each switch for the hierarchical geometric model. (d) Estimated
parameters for each τ in (c).
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FIG. 11. Mean population trajectories. Mean values of the trajectories before the switch simulated for the geometric fit. Shades indicate
95% confidence interval. We observe that surviving populations achieve double-resistant mutants. (a) N0. (b) N3. (c) N1 oscillatory behavior.
(d) N2 oscillatory behavior.

which fits the data well over a wide range of conditions
[Fig. 2(d)].

To explore how the fitting parameters vary with the switch-
ing period, we examined the dependence of α and β on τ

[Fig. 10(d)]. For small values of τ , we find β > 0, indicating
that the probability of extinction increases with the number
of rounds. This could be due to the oscillatory regime driving
the system into extinction-prone states. In contrast, for large
τ , we observe β < 0, suggesting that prolonged exposure
in each cycle may favor the emergence of double-resistant
mutants, reducing extinction probability over time (Fig. 11).
Together, these results highlight the importance of nonequilib-
rium effects in shaping extinction outcomes during sequential
therapy.

APPENDIX D: PARAMETERS OF THE SIGMOID FIT

We introduce as parameters to be adjusted in a logistic
model the population before the change of antibiotic. Depend-
ing on the antibiotic we are using, the populations of x1 and
x2 have different growth rates, and therefore we consider the

variables

xiA = 0 if antibiotic is B, xi otherwise,
xiB = xi if antibiotic is B, 0 otherwise

FIG. 12. Collateral sensitivity is irrelevant when high doses of
antibiotic are applied. Simulations with k = 0.1.
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FIG. 13. Effect of changes in antibiotic concentration. Mean
population composition prior to the first switch (colored lines), su-
perimposed with the extinction probability (black dashed line). As
antibiotic inhibition increases (k decreases), the population of x1

goes up, which leads to an increase in extinction probability. After
a certain antibiotic concentration (below k ≈ 0.7), x0 does not reach
high values, and evolution to x1 slows down. This leads to a de-
crease in extinction at intermediate to high antibiotic concentrations
(k < 0.4 approximately). When antibiotic inhibition becomes very
strong (i.e., k < 0.1), the decrease in x0 is so strong that populations
become extinct not due to collateral sensitivity, but because the
overall carrying capacity is very low and extinctions occur from
fluctuations. Simulations with τ = 50, tend = 150, tend treatment = 100,
number of trajectories = 10 000.

for i = 1, 2. We therefore end up with the following inputs:
x0, x3, x1A, x1B, x2A, x2B (Table II).

We observed that having x0 or x3 in the population before
the switch reduces the probability of extinction (the parame-

FIG. 14. Effect of changes in mutation rates. (a) Extinction rate
as a function of mutation rate μ1, for a range of ratios μ2/μ1 ranging
from 1 to 20 (see legend), i.e. μ2 � μ1. (b) Same as (a) but the
ratio μ2/μ1 now goes from 0.05 to 1 (see legend), i.e. μ1 > μ2.
The extinction probability exhibits a nonmonotonic dependence on
the baseline mutation rate (μ1), peaking at intermediate values. The
ratio between mutation rates μ2/μ1 modulates the peak height and
position, but does not otherwise alter this behavior. Simulations with
τ = 50, tend = 150, tend treatment = 100, number of trajectories = 1000.

FIG. 15. Effect of changes in mutation rates. Mean popula-
tion composition prior to the switch for trajectories that do not
become extinct (colored lines), and extinction probability (black
dashed line). The decline of the extinction peak coincides with
the emergence of the double-resistant strain and with the recovery
of the susceptible strain, the latter becoming more pronounced as
μ2 increases relative to μ1. τ = 50, tend = 150, tend treatment = 100,
number of trajectories = 1000.
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ters are negative). The same happens when we have bacteria
that will be resistant after switching, x1B and x2A. The best
scenario for extinction is when all the population is dominated
by either x1A or x2B. The dataset used for these fits is the popu-
lation composition before the switch of 10 000 trajectories per
τ simulated to estimate the extinction probability of Fig. 2(a).

APPENDIX E: FORMULA FOR THE EXTENSION
OF THE HEURISTIC

Due to the boundary and initial conditions, Eq. (1) in the
main text cannot be introduced directly into the geometric dis-
tribution for extending the extinction probability to multiple
switches. Remember that p(τ ) has two contributions: pr (τ ),
the probability that the single-resistant mutant is not com-
pletely dominant in the population, and pd (τ ), the probability
that a population gets extinct in a time smaller than τ .

For the first antibiotic switch pinit (τ ), we calculate pr,init (τ )
as

pr,init (τ ) = Pr[x0 + x2 + x3 � 2|τ, x0(0) = 50].

Similarly, after the last antibiotic switch, pbound(τ ), we modify
the decay probability to pd,bound = pd (tend(modτ + 50)), be-
cause the population has more time to decay, as a consequence
of the chosen boundary conditions.

Putting everything together, we have the formula

pext (τ ) = 1 − [1 − p(τ )]n−2[1 − pinit (τ )][1 − pbound(τ )].

APPENDIX F: SUPPLEMENTARY FIGURES

Figures 12–15 contain supplementary information referred
to in the main text.
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