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size spectrum in aquatic ecosystems
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diatom algae

hutchinson (1961) am. nat. 95, 137-145



  

competitive exclusion principle

gause (1934) the struggle for existence



  

the competitive exclusion theorem

ṅi

ni

=∑
j=1

r

bij R j−α i R j=R j(n1 ,…, ns)

ni (i=1,… , s) → populations

|n i(t)|<∞ → resourcescan be exhausted

R j ( j=1,… , r) → resources



  

the competitive exclusion theorem

if s>r then ∑
i=1

s

c i bij=0 ⇒ c=(c1 ,…, cs)≠0

∑
i=1

s

ci
d
dt

log ni=−a a=∑
i=1

s

ciα i>0

∏
i=1

s

ni
c i=e−a t

→0



  

previous models

datta, (2011) A mathematical analysis of marine size spectra (ph.d. thesis)



  

population model of growing things

∂ p(w , t)
∂ t

dw=p (w−dw , t)G (w−dw)−p(w , t)G(w)

dw
dt

=G (w) growth law

p(w , t)dw number of “things” between w and w+dw at time t

p(w , t)G (w) flux of through w

=− ∂
∂w

[ p (w , t)G (w)] dw+o(dw)



  

population model of growing things

dw
dt

=G (w) growth law

p(w , t)dw number of “things” between w and w+dw at time t

p(w , t)G (w) flux of through w

∂
∂ t

p(w , t)+ ∂
∂w

[ p (w ,t )G (w)]=0



  

population model of growing things

dw
dt

=G (w) growth law

p(w , t)dw number of “things” between w and w+dw at time t

p(w , t)G (w) flux of through w

∂
∂ t

p(w , t)+ ∂
∂w

[ p (w ,t )G (w)]=S(w , t)

sources of population change



  

cell cycle

w*
w*

2

w*

2

w*

2

p(w*/2, t)G(w*/2)=2 p (w* ,t )G(w*)

flux through smallest size flux through largest size



  

population-growth model for cells

p(w*/2, w* ,t )G p(w*/2, w*)=2 p (w* , w* , t)G p (w* , w*)

∂
∂ t

p(w , w* , t)=− ∂
∂w

[ p (w , w* , t)G p(w , w*)]

−M (w , w∗, t) p(w , w∗ , t)

w*

2
<w<w*

death rate

boundary condition

p(w , w* , t)dw dw*                                  number of phytoplankton cells with size
between w and w+dw from species with characteristic size
between w

*
 and w

*
+dw

*
 at time t



  

growth rate

dw
dt

=A w2 /3−B w

k=B/3 l∞=A /B

nutrient uptake metabolic rate

von bertalanffy



  

growth rate

dw
dt

=G p(w , w*)=A (w*)wα
−B (w*)wβ

α<β

T (w*)=∫
w* /2

w*

dw
A (w*)wα

−B(w*)wβ ∝ w*
ξ

marañón et al. (2013) ecol. lett. 16, 371-379

∼w*
−ξ

A(w*)=a w*
1−α−ξ B (w*)=b w*

1−β−ξ

G p(w , w*)=w*
1−ξ[a( w

w*
)
α

−b( w
w*

)
β

]



  

common resource

dN
dt

=ρ(N )−σ (N ,[ p ]) ρ(N )=ρ0(1− N
N0

)

σ (N ,[ p])=
a(N )
θ ∫

0

∞

dw* ∫
w* /2

w*

dw w*
1−ξ( w

w*
)
α

p (w , w* , t)

a (N )=a∞

N
N+r

a

nutrient

monod's law

chemostat

nutrient consumptionyield (biomass created
per unit resource)



  

steady state

∫
w* /2

w* M (w , w*)

G p (w , w* , N s)
dw=log 2

boundary condition

p(w , w*)=p (w* , w*)
G p(w* , w* , N s)

G p(w , w* , N s)
exp∫

w

w* M (w , w*)

G p(w , w* , N s)
dw

p(w* , w*)≠0 if w* satisfies  b.c.[*]

p(w* , w*)=0 otherwise

[*]
ρ(N s)=σ(N s ,[ p])determines p(w* , w*)

competitive exclusion



  

coexistence (plankton paradox)

p (w , w*) = p(w* , w*)ϕα ,β ( w
w*

, a(N s))
ϕα ,β(x , a) =

a−b
a xα

−b xβ exp∫
x

1
m( y)

a yα
−b yβ dy

M (w , w*)=w*
−ξ m( w

w*
) ⇒ ∫

1/2

1
m(x )

a(N s) xα
−b xβ dx=log 2

∫
0

∞

w*
2−ξ p(w* , w*)dw*=

θρ(N s)

a(N s) (∫1/2
1

xαϕα ,β (x , a (N s))dx )
−1



  

coexistence (plankton paradox)



  

coexistence (plankton paradox)



  

predation by zooplankton

optimal prey size

wirtz (2012) mar. ecol.-prog. ser. 445, 1-12

wirtz (2013) j. plankton res. 35, 33-48

allometric ingestion rate

S (wpd , wpy)=wpd
ν s (wpd

wpy
)

predation kernel



  

death by zooplankton predation

pc (w , t)=∫
0

∞

p (w , w* , t)dw*

z (w , w* , t)dw dw*                                  number of zooplankton cells with size
between w and w+dw from species with characteristic size
between w

*
 and w

*
+dw

*
 at time t

community size spectrum

death is essentially caused by predation

M (w , w* , t)=∫
0

∞

S(w ' , w) zc (w ' , t)dw '

zc (w ,t )=∫
0

∞

z (w , w* , t)dw*



  

evolution equation for zooplankton

z (w*/2, w* ,t )G z(w* /2, w* , t)=2 z (w* , w* , t)Gz (w* , w* , t)

∂
∂ t

z (w , w* , t)=− ∂
∂w

[z (w , w* , t)G z(w , w* , t)]

−M (w , w∗, t) z (w , w∗ , t)

w*

2
<w<w*

boundary condition

G z(w , w* , t)=∫
0

∞

S(w , w ')ϵw ' [ pc(w ' , t)+ zc(w ' , t) ]dw '−b w*
1−ξ( w

w*
)
β

efficiency of biomass conversion



  

size spectrum ⇔ plankton paradox

G p(λ w ,λ w*)=λ
1−ξG p(w , w*)

G z(λ w , λw*)=λ1−ξ G z(w , w*)

M (λw , λw*)=λ−ξ M (w , w*)

pc (λw)=λ
−γ pc(w) zc (λ w)=λ

−γ zc (w)

Theorem: In the steady state, the scalings

hold if and only if the scalings

hold, with γ = 1 + ξ + ν



  

steady state

pc (w)=p0 w−γ zc (w)=z0 w−γ

M (w , w*)=m0 w−ξ m0≡z0∫
0

∞

y−1−ξ s ( y )dy

G z(w , w* , t)=w*
1−ξ[ apz( w

w*
)

1−ξ

−b ( w
w*

)
β

]

a pz≡ε( p0+z0)∫
0

∞

yγ−3 s( y)dy



  

steady state

p(w , w*)=
p0

Iα ,β (γ−1, a(N s))
ϕα ,β( w

w*

, a(N s))

z (w , w*)=
z0

I 1−ξ , β (γ−1, a pz )
ϕ1−ξ ,β( w

w*

, apz)

Iα ,β (η , a)=∫
0

∞

yη
ϕα ,β ( y , a)dy

a (N s)  and apz  are determined by the boundary conditions

p0  and z0  are determined by a pz  and the equation for the resource



  

discussion

● according to the literature ξ ≈ 0.15 and ν ≈ 0.7–1.5, hence 
γ ≈ 1.85–2.65

● introducing a predation kernel is too ad hoc a 
modelling; adaptive predation would be more 
appropriate

● we can't assess the stability of the steady state

● the model is too ideal: it assumes an infinite spectrum 
as well as a continuum of species

● the paradox of the plankton and the size spectrum are 
“two sides of a single coin”



  

finitely many species (numerics)

unstable, unless predation is modified as

S (wpd , wpy)=wpd
ν s (wpd

wpy
)P py

χ

total abundance of predated species

χ > 0

the scaling of the size spectrum changes to

γ=1+
ξ+ν

1+χ



  

finitely many species (numerics)

ξ=0.15
ν=0.85
χ=0.4

1−γ≈−0.29

2−γ≈0.71

−1
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