a dynamic model for plankton
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size spectrum in aquatic ecosystems
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size spectrum in aquatic ecosystems
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the paradox of the plankton

diatom algae

hutchinson (1961) am. nat. 95, 137-145



competitive exclusion principle

a. Competitive exclusion
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gause (1934) the struggle for existence



I the competitive exclusion theorem

n. (i=1,...,s) = populations

R, (j=1,...,r) = resources
F:Z bR, —a, R:Rj(nl,...,ns)
P j=1

In.(t)j<o = resourcescan beexhausted



I the competitive exclusion theorem

if s>r then D ¢,b,=0 = c=(c,,...,c,)#0
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previous models
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I population model of growing things

d—W:G (w) - growth law

dt

p(w, t) dw == number of “things” between w and w+dw at time ¢

p(w,t)G (w)— flux of through w

op(w,t)
ot

dw=p(w—dw,t)G(w—dw)—p(w,t)G(w)

:—%[p(w,t)G(w)]dw+o(dw)



I population model of growing things

dw
dt

p(w, t) dw == number of “things” between w and w+dw at time ¢

=G (w) - growth law

p(w,t)G (w)— flux of through w

0

§p<w’t)+—[P(W,t)G(w)]:o




I population model of growing things

dw
dt

p(w, t) dw == number of “things” between w and w+dw at time ¢

=G (w) - growth law

p(w,t)G (w)— flux of through w

0
ot

(w,0+-L{p(w,0)G (w)]=5(w, 1)

sources of population change



I cell cycle
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I population-growth model for cells

p(w , W, t) dw dw, == number of phytoplankton cells with size
between w and w+dw from species with characteristic size
between w, and w +dw_ at time ¢

0 ___ 0
Py (w,w.,,t) aW[p(w,w*,l“)Gp(w,w*)] %<W<W*
—M(w,w",t)p(w,w’,t)
death rate

p(w*/Z,w*,t)Gp(w*/Zw*)=2p(w*,w*,t)Gp(w*,w*)

boundary condition



growth rate

dw 2/3
—=Aw "—Bw
dt /
nutrient uptake metabolic rate
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growth rate

dw _
dt

Maximum growth rate (d-1)
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I common resource

N
——( — monod's law
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I steady state

Gp(w*,w*,N )
G,(w,w.,N)

p(w,w.)=p(w.,w.)

W«

Jv M(W,W*)
w, /2 Gp(W’W*’Ns

boundary condition

)dw=10g2

» p(w.,w.)#0 if w, satisfies b.c.”

. competitive exclusion
» p(w.,w,)=0 otherwise



I coexistence (plankton paradox)
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I coexistence (plankton paradox)
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coexistence (plankton paradox)
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predation by zooplankton

optimal prey size allometric ingestion rate
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death by zooplankton predation

z(w, W, t) dwdw, == number of zooplankton cells with size
between w and w+dw from species with characteristic size
between w, and w_+dw, at time ¢

\

pc(w,t)z P(W,W*,t)dw*

> community size spectrum

z.(w,t)= z(w,w.,t)dw.

OQ—;S 05—98

/

P death is essentially caused by predation

M(w,w,,t fS z.(w',t)dw
0




I evolution equation for zooplankton

9 2w, w.,t)=—

Y 0 [z(w,w.,t)G, (w,w,,t)]

@W &<w<w*

—M(w,w",t)z(w,w",t)

z(wo/2,w. ,t)G (w./2,w.,t)=2z(w.,w.,t)G,(w.,w,,t)

boundary condition

(w,w, t=f (w,w')ew'[p(w',t)+z (w',t)]dw’ —bwiE| X
0

|

efficiency of biomass conversion
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I size spectrum < plankton paradox
—n 1-§
Gp(kw,kw*)—k Gp(w,w*)

Theorem: In the steady state, the scalings
G,(Aw,Aw.)=A"G (w,w.)
M(Aw,Aw,)=A""M(w,w.)

hold if and only If the scalings

p(Aw)=r"pw)  z(hw)=h Yz (w)

hold, withy=1+&+v



I steady state

pAw)=p,w  z(w)=z,w




steady state

Py W
p(w,w.)= 0. —,a<N5>)
I.gly—1a(N,)| " w.
Z w
Z(W,W*): L (I) — _,a 7

I,.(n,a)=] y"o, ,(y,a)dy

0

» a(N,) and a,, are determined by the boundary conditions

» D, and z, are determined by a,, and the equation for the resource



discussion

« according to the literature £~ 0.15 and v = 0.7-1.5, hence
v~ 1.85-2.65

« introducing a predation kernel is too ad hoc a
modelling; adaptive predation would be more
appropriate

« we can't assess the stability of the steady state

 the model is too ideal: it assumes an infinite spectrum
as well as a continuum of species

« the paradox of the plankton and the size spectrum are
“two sides of a single coin”



finitely many species (numerics)

» unstable, unless predation is modified as

x>0
S(w_,,w.)=wys Wed | pt
pd> " py/ " pd W py
Py |

total abundance of predated species

» the scaling of the size spectrum changes to

E+v
1+y

y=1+



finitely many species (numerics)
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